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Abstract
The main focus of this article is the study of ergodicity of Interacting Particle Systems (IPS).
We present a simple lemma showing that scaling time is equivalent to taking the convex
combination of the transition matrix of the IPS with the identity. As a consequence, the
ergodic properties of IPS are invariant under this transformation. Surprisingly, this simple
observation has non-trivial implications: It allows to extend any result that does not respect
this invariance, which we demonstrate with examples. Additionally, we develop a recursive
method to deduce decay of correlations for IPS with alphabets of arbitrary (finite) size, and
apply the Time-Scaling Lemma to that as well. As an application of this new criterion we
show that certain one-dimensional IPS are ergodic answering an open question of Toom et
al.

Keywords Interacting particle system · Stochastic process · Ergodicity · Invariant measure ·
Decay of correlations · Positive rates conjecture · Two-stage contact process

Mathematics Subject Classification 60K35 · 82C22

1 Introduction

An Interacting Particle System (IPS) is a Markov process on the space of configurationsA�

for some countable alphabet A and lattice �, where updates occur independently at each
vertex (site), triggered by exponential clocks. In this paper we only consider IPS that can
update the state of one site at a time and omit IPS in which multiple sites can have their
states changed at once, like for example the Exclusion Process. An IPS can be thought of as a
continuous-time version of Probabilistic Cellular Automata (PCA), with the difference that in
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the PCA updates occur simultaneously. They share a lot of similarities with often analogous
results present in both settings or derivable for the other process using similar arguments.
A proper introduction to Interacting Particle Systems, including, their construction, analysis
of ergodic properties, and historical context, can be found in Durrett’s article [1] and lecture
notes [2] or in Liggett’s textbook [3]. An introduction for PCAs can be found in [4], while
their role and relevance in PCA technology are discussed in [5].

Our primary research focus is on exploring the sufficiency criteria for an IPS to be ergodic,
i.e. that theMarkov process has a unique and attractive invariant measure.Whenever possible
we want to obtain explicit rates of convergence to this measure. The existence of at least one
invariant measure for all PCAs and IPS is a standard result that follows as a consequence of
Schauder’s fixed-point theorem or by construction, see e.g. Proposition 1.8 in [3].

In Sect. 3,we consider the simplest IPS forwhich the above problems are non-trivial. These
are the one-dimensional IPS with one-sided, nearest-neighbor interactions and a homoge-
neous rule.We give an informal characterization of the types of behavior such IPS can exhibit
and discuss their ergodicity. This section serves a dual purpose as these IPS are central to the
application of our results in Sect. 7.

The first insight of this work is the Time-Scaling Lemma of Sect. 4 (see Lemma 4.1). The
statement is simple but has far-reaching consequences. Suppose that an IPS is given by a
transition matrix P , which in our setting means that when an update occurs at site j ∈ �,
the probability of the new state being a ∈ A, given the neighborhood configuration σ

is Pj (a | σ). The Time-Scaling Lemma states that for an IPS(P) with transition matrix P
slowing down time with a constant factor λ > 0 is equivalent to interpolating the transition
matrix P with the identity I . More precisely, after scaling time by λ, the trajectories of the
IPS(P) has the same distribution as the IPS(λP + (1 − λ)I ), where λP + (1 − λ)I is the
convex combination of P with the identity I . Of course, scaling time does not change the
ergodic properties of an IPS. Therefore ergodic properties, like the set of invariant measures
and whether the IPS is ergodic, are invariants of the family of IPS generated by the transition
matrices λP + (1 − λ)I for λ > 0. This allows to extend several theorems and criteria that
establish ergodicity. The strategy is as follows: Consider a condition that forces an IPS to be
ergodic. In order to establish the ergodicity of an IPS(P) it then l suffices to show that there
exists λ > 0 such that the IPS(λP+ (1−λ)I ) satisfies this condition. In general, every result
that is not invariant under this transformation can be extended.

This method is illustrated in Sect. 5, where we extend standard ergodic theorems formu-
lated in Liggett’s book [3]. These include Griffeath’s ergodic theorems about additive and
cancellative IPS [6] and a generalization of the class of monotone IPS [7] to a larger class,
which we call weakly monotone IPS.

In Sect. 6, we give our main result, which is a new criterion for exponential decay of
correlations (see Theorem 6.9) which implies ergodicity of the IPS. The criterion is inspired
by a known theorem of Leontovitch and Vaserstein [8] developed in the discrete-time setting
of PCAs (see Theorem 6.8). The proof of Theorem 6.9 is self-contained and uses a recur-
sion. Compared to the original theorem for PCAs, we drop some unnecessary assumptions.
Additionally, our argument is general enough to treat IPS with alphabets of arbitrary size. We
obtain a similar rate of decay of correlations but for a larger class of transition matrices due
to the time-scaling trick. The application of the Time-Scaling Lemma is the only point in our
proof at which we substantially make use of the continuous time setting, and we believe the
same result (prior to improvement by time-scaling) can be derived for PCAs, though we do
not actually offer a separate proof for the discrete time case. We use this generalized result
to study the Two-Stage Contact Process (introduced in [9]) and derive a new sufficiency
criterion for the process to die out.
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In Sect. 7, we apply the new criterion to an open problem: determining whether all
one-dimensional, homogeneous IPSwith alphabet size two, one-sided nearest neighbor inter-
actions, and positive rates are ergodic. Simulations carried out by Głuchowski and Miekisz
suggest that this should be true. This is a particular case of the positive rates conjecture which
was popularized by Durrett [10] and Liggett [3]:

Conjecture Every IPS on a one-dimensional lattice with homogeneous, finite-range interac-
tion and positive rates is ergodic.

For very large neighborhoods, Gács published a counterexample to the positive rates
conjecture [11]. As this paper is very technical, the result is still discussed in the community.
This promptedGray towrite a reader’s guide [12] toGács counterexample. Further discussion
on the state of positive rates conjecture and historical attempts at it’s resolution can be found
in [13]. We prove the affirmative for a symmetric sub-case of this problem investigated by
Toom et al. in Sect. 7 of [14]:

Conjecture Every additive IPS on a one-dimensional lattice with homogeneous, one-sided
interaction, nearest neighbor interactions, and positive rates is ergodic.

For precise definitions we refer to Sect. 7. After verifying the above conjecture, we inves-
tigated if one can drop the assumption of additivity. Combining several known criteria we
visualized the regions of the underlying four-dimensional parameter space that are known
to yield an ergodic IPS. The hope was that, by the time-scaling trick, extensions of those
criteria would now cover the full parameter space. Unfortunately, a small region remains
where none of the results known to us seem to apply. We conjecture that a method using the
one-dimensionality of Z in a strong way is required to cover the remaining region.

2 Notation and Basic Definitions

We use a general framework that defines an IPS using two ingredients. The first ingredient is
a family of clocks with which we construct a set of points in space–time, where transitions
occur. The second ingredient is the transition matrix governing the dynamics of the IPS. This
construction is most similar to the graphical representation of IPS introduced by Harris [15].
The construction we propose is sufficiently general to cover all possible IPS (with the restric-
tion that they can only update one site at a time), at the cost of nice additive properties present
in the graphical representation.

We start by giving a quick rundownof fundamental concepts relevant to this paper.A reader
familiar with the subject may glance over this section. The only non-standard definitions are
the cone of dependence and causality. These concepts too are not new. We just formalize
them and give them names.

The content of this section is split into three parts. The first deals with space–time, clocks,
and the construction of the set of update points. In the second subsection, an IPS is formally
constructed. The third subsection contains definitions of the properties of IPS we will study,
such as ergodicity and covariance decay.

2.1 Space–Time Structure

To set the stagewe first define the space-time inwhich the IPS lives.We thenmark a countable
subset of that space-time as the set of points at which transitions occur.
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Notation • Let� be a lattice and for every j ∈ � letN j be the set of vertices j is connected
to.

• Let
(
ρ
j
n

) j∈�

n≥0
be a family of i.i.d. random variables with distribution Exp(1), which we

call clocks.
• Let τ j

n = ρ
j
1 + · · · + ρ

j
n for all n ≥ 0. The τ

j
n random variable is to be the stopping time

of the nth update at a given site j . We set τ j
0 = 0.

• We will denote the set of all points in space-time at which an update occurs as

Update =
{
(τ

j
n , j) ∈ R+ × � : n ≥ 0

}
.

The idea is to construct the IPS inductively, update by update. This approach poses a technical
challenge, since if the lattice is infinite then theUpdate set is not well ordered by time. More
precisely, if the lattice is infinite then it is not possible to decide what is the first update and
so naive induction fails. However to define the process at time t it suffices to determine the
states of sites for finite subsets of the lattice. Fixing this subset and looking backward in time,
it is then possible to determine if an update is relevant or not. An update is relevant for a
site j at time t , if it occurs in the cone of dependence of (t, j), which we define below. For
finite-range interaction, the cone of dependence is finite. Therefore it is possible to say what
is the first relevant update, and the IPS can be constructed inductively, update by update.
Intuitively the cone of dependence is the maximal set of points in the past of a point with
which it has a causal link.

Definition 2.1 (Coneof dependence) For a lattice� and apoint in space–time (t, j) ∈ R+ × �

we define the cone of dependence with root at (t, j), Cone(t, j) ⊆ R+ × � as follows:

• Let t0 := t and K0 := { j}.
• Having defined K0 ⊆ · · · ⊆ Kn and t0 ≥ · · · ≥ tn let

tn+1 := max {0 ≤ s < tn : {s} × Kn ∩ Update �= ∅} ,

Jn+1 be the projection of {tn+1} × Kn ∩ Update onto vertices of �,

Kn+1 := Kn ∪
⋃

j∈Jn+1

N j .

• Now set:
Cone(t, j) :=

⋃
n≥0

[tn, tn + 1] × Kn .

The interpretation of these objects is as follows. Whenever a clock rings at site j its state
is updated according to some rule that takes into account the states of sites in N j . Thus to
determine the state at points {t} × K we must traverse the space–time backward in time,
marking the relevant update times and expanding the set of points that have a causal link with
(t, j). Here (tn)n≥0 are these update times and (Jn)n≥0 are the sets of sites in the cone that
are updated. We naturally extend this construction to finite K ⊆ � by setting

Cone (t, K ) :=
⋃
j∈K

Cone (t, j) .

For our construction of IPS to make sense there a.s. must be finitely many updates in the cone
of dependence of any point. Otherwise it is not possible to represent the state of an IPS at a
given point as a function of the initial configuration. This condition, which we term causality,
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Fig. 1 Iterative construction of the cone of dependence with � = Z and N j = j + {−1, 0, 1}. The arrow of
time points up. The red markers indicate the Update set and the black ones represent the consecutive sets Kn .
The Cone consists of vertical black lines in the last panel (Color figure online)

corresponds to the requirement that the recursive construction of allCone (t, j) almost surely
halts after finitely many steps, i.e. tn hits zero. This condition will force the trajectory of the
IPS to have a uniquely defined distribution after specifying the initial configuration.

Definition 2.2 (Causality) A lattice λ is causal if and only if

P (Cone(t, j) ∩ {0} × � �= ∅) = 1,

for all (t, j) ∈ R+ × �.

Example 2.3 • All finite lattices are causal.
• If there exists finite N ⊂ Z

d such that N j ⊆ j + N for all j then the lattice Z
d with

neighborhoods
(N j

)
j∈Zd is causal.

• A tree of minimal order two is not causal, as the cone of dependence may explode to
infinite size in finite time, causing the recursion to fail.

• If there exists j ∈ � such that
∣∣N j

∣∣ = ∞ then � is not causal. Equivalently all causal
lattices have finite neighborhoods.

• It is possible for (�,N ) to be causal even if sup j

∣∣N j
∣∣ = ∞. Take � = Z and N j =

{0, . . . , j}. Here every cone of dependence is spatially bounded i.e. for any t ≥ 0 we
have

Cone(t, j) ⊆ [0, t] × {0, . . . , j} .

This, of course, implies causality since locally the lattice is indistinguishable from a finite
one.

• If � is causal and �̂ is a subgraph of � then �̂ is causal.

2.2 Construction of an Interacting Particle System

This subsection deals with the construction of an IPS over a lattice (�,N ) with a given
transition matrix. The construction is simple enough—the transition matrix is applied at
every point in the Update set. For the conventional construction of an IPS using flip rates
see Liggett’s textbook [3, Chap. I.3, p. 20].

Definition 2.4 (Transition matrix) Let A be a countable set which is called an alphabet. For
every j ∈ � and σ ∈ AN j let Pj (· | σ) be a probability distribution on A. The collection
P = ((

Pj (· | σ)
)
σ∈AN ( j)

)
j∈�

is called transition matrix.
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The interpretation of each Pj (a | σ) is that it describes the probability that the state of
a site j ∈ � in environment σ changes to a ∈ A, conditional on the site j being the one
updated. In this article, we only consider time-homogeneous IPS that update one site at a
time. Time-homogeneous means that the transition matrix does not change over time.

Definition 2.5 (Interacting Particle System) For a given initial configuration ξ on A�, the
trajectory (ζt )t≥0 of the IPS is constructed recursively:

• The initial configuration is set to be ζ0 = ξ .

• The state at site j can only be updatedwhen its respective clock rings i.e. if t ∈
[
τ
j
n , τ

j
n+1

)

then ζt ( j) = ζ
τ
j
n
( j).

• The random variable ζ
τ
j
n
( j) is sampled from the Pj ( · | ζ

τ
j−
n

) distribution independently
of everything else. We use the convention that for a given stopping time τ the ζτ− denotes
the left-side limit of (ζt )t<τ random variables.

Since� is causal, the recursion above will define ζ
τ
j
n
( j) for any ( j, n) in finitely many steps.

Additionally, for every t ≥ 0 and j ∈ � there exists n such that t ∈
[
τ
j
n , τ

j
n+1

)
. Thus ζt is

well defined.
An interacting particle system with a causal lattice � and transition matrix P is the set of

distributions of (ζt )t≥0 indexed by all initial configurations. We denote it by IPS (P).

Definition 2.6 The IPS is homogeneous if the transition matrix at a specific site only depends
on its neighborhood but not the location of the site i .

Notation For convenience, we introduce the following notation:

• If the distribution of a trajectory (ζt )t≥0 is a member of
IPS (P) then we write (ζt )t≥0 ∈ IPS (P) .

• We will denote μPt as the distribution of ζt given ζ0 is distributed according to μ.

2.3 Ergodicity and Covariance Decay

In this section we introduce the principal objects of our study of Interacting Particle Systems,
namely invariant measures, ergodicity, and covariance decay. The motivation for this interest
is discussed at length in the introduction to Liggett’s textbook [3].

Definition 2.7 (Invariant measure) An invariant measure of an IPS (P, C) is any distribution
μ on A� such that μPt = μ for all t ≥ 0.

An IPS always has at least one invariant measure, which can be constructed using Cesáro
Means. The classic proof may be found in [3, Proposition 1.8 on p. 10].

Definition 2.8 (Attractive invariant measure) An invariant measureμ of an IPS (P) is attrac-
tive if for any other distribution ν we have convergence in distribution νPt ⇒ μ as t → ∞.

Definition 2.9 (Ergodicity) An IPS(P) is said to be ergodic if it has an attractive measure
μ. It is exponentially ergodic with rate α if for every finite S ⊆ � there exists a constant
CS ≥ 0 such that for any A ⊂ A�—cylinder set with support S it holds that

sup
ν

|νPt (A) − μ(A)| ≤ CS · e−αt .
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Definition 2.10 (Local functions) Let us consider a lattice � and alphabet A. The
domain Dom( f ) of a function f : A� → R is defined as the minimal set of coordinates on
which the value of f depends. The function is called local if its domain is finite. The set of
local functions is denoted as

F(A,�) = {
f : A� → R : |Dom( f )| < ∞}

.

We note that such functions are necessarily bounded and that they form a linear space. We
use the short notation F when the alphabet and lattice are known from the context.

Definition 2.11 (Covariance decay) An IPS(P) has (temporal) covariance decay if for all
f , g ∈ F and initial distributions

Cov ( f (ζ0) , g (ζt ))
t→∞−−−→ 0.

The decay is uniform if additionally for all f , g ∈ F

sup
(ζt )t≥0∈IPS(P,C)

|Cov ( f (ζ0) , g (ζt ))| t→∞−−−→ 0.

The decay is exponential if there exist α > 0 and constants C( f , g) such that for all initial
distributions

|Cov ( f (ζ0) , g (ζt ))| ≤ C( f , g) · e−αt .

We conclude this section with the following observation.

Lemma 2.12 Covariance decay and ergodicity are equivalent. The same is true for exponen-
tial covariance decay and exponential ergodicity.

Proof of Lemma 2.12 Since indicators of finite cylinder sets form a basis of F (A,�) then
ergodicity of an IPS is equivalent to the condition that for any local function f ∈ F the
conditional expectation E [ f (ζt ) | ζ0] converges to a constant c, i.e.

sup
ξ

|E [ f (ζt ) | ζ0 = ξ ] − c| t→∞−−−→ 0.

Thus ergodicity implies temporal covariance decay, since by the law of total covariance

Cov (g(ζ0), f (ζt )) = Cov (g(ζ0), E [ f (ζt ) | ζ0])
t→∞−−−→ 0,

for any initial distribution and local functions f , g. The rate of decay is clearly preserved.
To show that temporal covariance decay implies ergodicity suppose that an IPS has covari-

ance decay but there are measures μ and ν such that μPt and νPt do not asymptotically
converge. Then there must exist a local functions f , g such thatEν(g) �= Eμ(g) andEνPt ( f )
does not asymptotically converge with EμPt ( f ). Consider the initial measure 1

2μ + 1
2ν. By

temporal covariance decay, we have

Cov 1
2μ+ 1

2 ν (g(ζ0), f (ζt ))
t→∞−−−→ 0.

But again by temporal covariance decay, this covariance is by the law of total covariances
equal to

Cov 1
2μ+ 1

2 ν (g(ζ0), f (ζt )) = 1

4

(
Eμ(g) − Eν(g)

) (
EμPt ( f ) − EνPt ( f )

)

+ 1

2
Covμ (g(ζ0), f (ζt )) + 1

2
Covν (g(ζ0), f (ζt )) ,
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which does not converge to zero. By contradiction such μ and ν cannot exist, so all measures
converge asymptotically under Pt . In this case, the existence of an invariant measure implies
ergodicity, and for IPS with memory-less clocks, an invariant measure always exists. The
exponential decay rate is again preserved since we can bound

∣∣EμPt ( f ) − EνPt ( f )
∣∣ ≤ 8 · C f ,g∣∣Eμ(g) − Eν(g)

∣∣e
−αt .


�

3 IPS on a One-Dimensional Lattice with One-Sided, Nearest-Neighbor
Interaction

In this section, we introduce a very simple class of IPS and discuss their distinct qualitative
ergodic behavior for illustration. This class of IPS also plays a central role later in Sect. 7.
The underlying lattice is (�,N ) = (Z, {0, 1}). The alphabet isA = {0, 1}, which means that
every site can either be unoccupied or occupied. The transition matrix P is time and spatially
homogeneous and the clocks are independent exponentially distributed with rate one. In this
simple situation, the IPS is determined by the following four parameters:

p1|11 := P(1 | 11), p1|10 := P(1 | 10), p1|01 := P(1 | 01), p1|00 := P(1 | 00).
Whatmakes this class of IPS interesting is the fact that it is the most simple class for which

ergodicity is not fully understood. For more details we refer to Sect. 7. Since the construction
of IPS via the transition matrix differs from the usual construction via flip rates, let us explain
how they are related to each other. An IPS with an alphabet of size two and flip rates that
have been normalized to satisfy

sup
j∈�, ζ∈{0,1}�

c j (ζ ) = 1

is equivalently given by the transition matrix

Pj (1 | ζ ) =
{
1 − c j (ζ ) , ζ( j) = 1,
c j (ζ ) , ζ( j) = 0.

Because of their simplicity, the trajectories of those IPS can only evolve in a few ways.
In our study, we have identified five distinct types of one-dimensional, one-sided nearest
neighbor IPS. In every subsequent figure depicting the evolution of a trajectory of an IPS the
arrow of time points up. The color white represents the “0” state and the color black the “1”
state.

3.1 Symmetric IPS

These are IPS that treat both states approximately the same. This means that the transition
matrix is roughly invariant under renaming zeroes and ones. Equivalently, the parameters of
such IPS satisfy

p1|11 + p1|00 ≈ 1 ≈ p1|10 + p1|01,

which corresponds to

p1|11 ≈ p0|00 and p1|10 ≈ p0|01.
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Fig. 2 TheStochastic Isingmodel,where sites try to align their states. The semi-deterministic IPSon the left has
parameters (p1|11, p1|10, p1|01, p1|00) = (1, 0.8, 0.2, 0), its noisy version on the right (0.9, 0.8, 0.2, 0.1).
In both simulations the initial state is random

Fig. 3 The “copy your neighbor” IPS, which acts as the Stochastic Ising model with added drift. The semi-
deterministic version on the left has parameters (p1|11, p1|10, p1|01, p1|00) = (1, 0.2, 0.8, 0), its noisy
version on the right (0.9, 0.2, 0.8, 0.1). In both simulations the initial state is random

Examples include the Stochastic Ising model with low external field, the “do nothing”,
“copy your neighbor”, and “choose the opposite of your neighbor” rules as well as convex
combinations of these rules. In low noise regimes, the trajectories produce consist of wide
stripes of each state with boundaries between them performing independent random walks.
Correlations between states of neighboring sites are high but quickly dissipate with distance.

The outlier here is the “flip your neighbor” rule, which seems to behave differently,
producing a checkerboard pattern. This however is only an illusory distinction: if we rename
zeroes and ones at every other site (formally yielding an IPS with a periodic rule) we get
back the familiar stripes.

These IPS tend to be monotone in which case ergodicity in the presence of low noise
follows by Gray [7] (see Theorem 5.4). Our contribution in Theorem 6.9 yields ergodicity
for the non-monotone cases.

123
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Fig. 4 The “flip your neighbor” IPS, which produces stripes of checkerboard patterns with opposite parity.
The semi-deterministic version on the left has parameters (p1|11, p1|10, p1|01, p1|00) = (0, 0.8, 0.2, 1), its
noisy version on the right (0.1, 0.8, 0.2, 0.9). In both simulations the initial state is random

Fig. 5 The same “flip your neighbor” IPSs after renaming zeroes and ones at every other site. The checkerboard
patterns of opposite parity turned into homogeneous stripes. In both simulations the initial state is random

3.2 IPS with Heavy Bias

These are the IPS in which one state is heavily favored. All sites try to switch to that state
regardless of their neighborhood. The parameters of these IPS satisfy

p1|11 ≈ p1|10 ≈ p1|00 ≈ 0 or p1|11 ≈ p1|01 ≈ p1|00 ≈ 1.

Simulations show that there is no need to additionally demand that p1|01 ≈ 0 or p1|10 ≈ 0.
Only the dominating state will survive over time. Their ergodicity is immediately apparent
as there is little interaction between sites. The unique invariant measure is a perturbation of
Dirac’s delta of “all zeroes” or “all ones” configurations.

123



Time-Scaling, Ergodicity, and Covariance Decay... Page 11 of 41 6

Fig. 6 Evolution of the “turn to zero” IPS. The deterministic version on the left has parameters
(p1|11, p1|10, p1|01, p1|00) = (0, 0, 0, 0), its noisy version on the right (0.1, 0.1, 0.1, 0.1). In both simu-
lations the initial state is random

Fig. 7 Evolution of a weaker version of the “turn to zero” IPS. The deterministic version on the left has
parameters (p1|11, p1|10, p1|01, p1|00) = (0, 0, 1, 0), its noisy version on the right (0.1, 0.1, 0.9, 0.1). In
both simulations the initial state is random

3.3 Coalescing and Annihilating Contact Process

The Coalescing Contact Process is a model of population growth where one state is inter-
preted as empty space and the other as members of a spreading population with almost no
spontaneous births. These IPS are given by parameters

p1|11, p1|10, p1|01 � p1|00 ≈ 0, or 1 ≈ p1|11 � p1|10, p1|01, p1|00.

Here, the second set of parameters arises from renaming zeros and ones. The contact
process famously exhibits phase transition. The critical manifold separates the parameters
for which the population dies out from the parameters for which the population spreads
infinitely with positive probability. For details we refer to Fig. 8.

123
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Fig. 8 Evolution of the Coalescing Contact Process. In the upper left is the faultless version with parameters
(p1|11, p1|10, p1|01, p1|00) = (1, 0.7, 0.7, 0). In the upper right the version with a positive probability of
spontaneous deaths as well as births, given by parameters (0.75, 0.75, 0.75, 0.01). At the bottom we have
the trajectories without spontaneous births but with spontaneous deaths, which represents the classic Contact
Process, with two distinct behaviors, subcritical (0.75, 0.75, 0.75, 0) and supercritical (0.8, 0.8, 0.8, 0). We
note that for the pase transition one needs that p1|00 = 0, which means that the underlying IPS do not have
positive rates. The initial configuration consists of a randomly generated configuration on an interval on the
right and zeroes everywhere else

The Annihilating Contact Process is similar. The difference is if a site attempts to spread
to an already occupied site it will be annihilated instead. This rule is described by parameters

p1|10, p1|01 � p1|11 ≈ p1|00 ≈ 0, or 1 ≈ p1|11 ≈ p1|00 � p1|10, p1|01.

Like the coalescing variant, the Annihilating Contact Process exhibits a phase transition.
If there are no spontaneous births (i.e. p1|00 = 0 or p1|11 = 1) then the ergodicity

of these processes is equivalent to the population dying out almost surely. The work of
Griffeath [6] on additive and cancellative IPSs suggests that these IPSs are exponentially
ergodic if spontaneous births are possible (see Theorems 5.12 and 5.14).
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Fig. 9 Evolution of the Annihilating Contact Process. In the upper right is the faultless version with parameters
(p1|11, p1|10, p1|01, p1|00) = (0, 1, 1, 0). In the upper left the version with a positive probability of spon-
taneous births, given by parameters (0.01, 0.9, 0.9, 0.01). At the bottom, we have the trajectories without
spontaneous births, which represents the classic Annihilating Contact Process, with two distinct behaviors,
subcritical (0, 0.9, 0.9, 0) and supercritical (0, 0.95, 0.95, 0). We observe that phase transition only occurs
if the rates are not positive i.e. when p1|00 = 0. The initial configuration consists of a randomly generated
configuration on an interval on the right and zeroes everywhere else

3.4 Noisy IPS

These are the IPS in which sites flip their states with high probability with each update, with
little influence from neighbors. The parameters of these IPS satisfy

p1|11 ≈ p1|10 ≈ 0, p1|01 ≈ p1|11 ≈ 1 or p1|11 ≈ 0, p1|10 ≈ p1|01 ≈ p1|11 ≈ 1

or p1|11 ≈ p1|10 ≈ p1|01 ≈ 0, p1|00 ≈ 1.

As a consequence of this large frequency of flips, whether a given site has state zero or one
largely depends on the parity of the number of updates at that site which is independent of
the initial configuration. Thus exponential ergodicity follows.
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Fig. 10 On the left evolution of the “flip your state” IPS i.e. one with parameters
(p1|11, p1|10, p1|01, p1|00) = (0, 0, 1, 1). On the right the IPS (0, 1, 1, 1). Both produce a pattern
of white noise, with the latter having slightly higher correlations between states of neighboring sites

3.5 Walls IPS

The rule of these IPS preserves one state with high probability regardless of the environment
and preserves the other state only in presence of the first. The trajectories consist of long
walls which depending on parameters coalesce into one infinite connected component. These
IPS are given by parameters

p1|11 ≈ p1|01 ≈ p1|00 ≈ 0, p1|10 ≈ 1 or p1|11 ≈ p1|10 ≈ p1|00 ≈ 1, p1|01 ≈ 0.

The ergodicity of these IPSs in low noise regimes remains an open problem. There is some
overlap between Walls IPS and cancellative IPS and in some cases, they can be modified to
equivalent IPSs with periodic monotone rules. We elaborate on this further in Sect. 7.

4 Time Scaling

The main goal of this article is to study the ergodicity of IPS. It is a natural question to
ask under which transformations of the transition matrix ergodicity is preserved. There is
an obvious invariant: scaling time cannot change ergodicity. The main result of this section,
namely the Time-Scaling Lemma, shows that scaling time is equivalent to taking a convex
combination of the original transition matrix with the identity matrix.

Lemma 4.1 (Time-Scaling) Let us consider a given transition matrix P (cf. Definition 2.5)
and let I denote the identity transition matrix. Then for all λ ∈ (0, 1] it holds:

(ζt )t≥0 ∈ IPS (P) if and only if (ζλt )t≥0 ∈ IPS (λP + (1 − λ)I ) .

This lemma implies that the set of invariant measures and properties like ergodicity are
preserved under scaling time. This allows to extend past results about these properties (see
Sect. 5). For example, the following statement is an immediate consequence of the Time-
Scaling Lemma.
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Fig. 11 Trajectories of the Walls IPSs given by parameters (p1|11, p1|10, p1|01, p1|00) = (0, 1, 0, 0) (top),
(0, 0.9, 0.02, 0.02) (left) and (0, 0.99, 0.02, 0.02) (right). The longer survival times of ones in the IPSs on
the right allowed the walls to connect into one infinite connected component. In the most extreme case on top,
the trajectory quickly reaches a stationary configuration. Any configuration in which there are no consecutive
ones is stationary

Corollary 4.2 Ergodicity and the set of invariant measures are the same for IPS(P) and
IPS(λP+(1 − λ) I ). The IPS(P) is exponentially ergodic with rate α if and only if IPS(λP+
(1 − λ) I ) is exponentially ergodic with rate λα.

Proof of Lemma 4.1 The idea is to split the points in the Update set of IPS(λP + (1 − λ) I )
into two categories—those where the IPS is updated according to the transition matrix P and
those where it is updated by I . Updating by the identity matrix is equivalent to not updating
at all, so after erasing those points from the Update set, the trajectory remains the same.
However, now all remaining updates are governed by the transition matrix P and theUpdate
set has become more sparse, which corresponds to time slowing down.

The proof consists of three steps. First, we assign a Bernoulli random variable to each
point in Update, which determines whether a particular update is governed by P or I . Then
we construct a new trajectory ξ which skips the ‘failed’ updates and we confirm that it
behaves as a trajectory of an IPS with transition matrix P . The last step is to show that the
new sparser Update set has exponentially distributed increments between points, which is a
direct consequence of the Coloring Theorem, see Sect. 5.1 in [16].

Let us construct this IPS in the following way: first, we construct trajectory ξt of

IPS (λP + (1 − λ))I ). Let
(
ρ
j
n

) j∈�

n≥0
be i.i.d. and distributed according to Exp(1) and set
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τ
j
n := ρ

j
1 + · · · + ρ

j
n . Define additional i.i.d. Bern(λ) variables

(
V j
n

) j∈�

n≥0
and independent

from them i.i.d. Unif[0, 1] variables
(
U j
n

) j∈�

n≥0
. Now set:

• The initial configuration ξ0 := ζ0.

• If t ∈
[
τ
j
n , τ

j
n+1

)
then ξt ( j) := ξ

τ
j
n
( j).

• Via the recursion principle we define

ξ
τ
j
n+1

( j) := V j
n+1 · Fj

(
ξ
τ
j−
n+1

(N j
)
,U j

n+1

)
+

(
1 − V j

n+1

)
· ξ

τ
j
n
( j),

where Fj : A� × [0, 1] → A are such that

P

(
Fj

(
σ,U j

n

)
= a

)
= Pj (a | σ)

for any j ∈ �, a ∈ A and σ ∈ A�.

The random variables V j
n act as blockers—when a clock rings at site j it will fail to update

(or rather, be updated by I ) with probability 1 − λ. By construction

(ξt )t≥0 ∈ IPS (λP + (1 − λ)I ) .

Now define stopping times
(
π

j
n

) j∈�

n≥0
by π

j
0 := 0 and

π
j
n+1 := min

{
τ
j
k > π

j
n : V j

k = 1
}

.

Put simply
(
π

j
n

)
n≥0

skips the failed updates. The trajectory (ξt )t≥0 satisfies:

• The initial configuration is still ξ0 = ζ0.

• If t ∈
[
π

j
n , π

j
n+1

)
then ξt ( j) = ξ

π
j
n
( j).

• The recursion principle

ξ
π

j
n+1

( j) = Fj

(
ξ
π

j−
n+1

(N j
)
,U j

n+1

)
.

Therefore the trajectory (ξt )t≥0 is being updated according to transition matrix P .

The last thing to check is that the family
(
π

j
n

)
n≥0

forms the Update set for exponential

clockwith rate λ, i.e. that the incrementsπ
j
n+1−π

j
n are independent and distributed exponen-

tially with rate λ (cf. Sect. 2.1). This follows by the Coloring Theorem, as the i.i.d. Bern(λ)

random assignment of each point in theUpdate set to be either a “P” update or an “I” update
is a random coloring of the family of independent Poisson processes of updates at each vertex
of the lattice. Hence the rescaled trajectory

(ξλt )t≥0 ∈ IPS (P) ,

which completes the proof. 
�

5 Extensions of Previous Results via the Time-Scaling Lemma

The Time-Scaling Lemma implies that properties of an IPS that are invariant under scaling
time are the same for all IPSwhose transitionmatrices lie on a line crossing the identitymatrix.
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These properties include the invariance of a givenmeasure and (exponential) ergodicity. Thus
to prove that an IPS(P) has any of these properties it suffices to find some other IPS(Q), with
the transition matrix of the form Q = λP + (1 − λ) I , which has it. This allows to extend
previous results that do not respect this invariancewith little additional effort. The strategy for
this is straightforward: If a theorem states that IPS in some subset of the parameter space are
ergodic then we can extend this subset along lines with roots at identity and have ergodicity
proven in this (hopefully) larger subset. Similarly, this strategy also allows to prove theorems
under stronger assumptions than stated.

In Sect. 5.1, we consider monotone IPS. We introduce the concept of weak and strong
monotonicity. We show that in order to deduce Gray’s theorem (see Theorem 5.10) one could
assume w.l.o.g. strong monotonicity. This potentially simplifies the proof of the theorem,
especially when attempting to deduce similar statements for larger alphabets.

In Sect. 5.2, we consider cancellative and additive IPS, and show how two theorems of
Griffeath (see Theorems 5.12 and 5.14) can be extended using the Time-Scaling Lemma.

5.1 General Results About Monotone IPS and Gray’s Theorem

Westart with reviewing a couple of results onmonotone IPS. This is awell-studied type of IPS
and much is known about their behavior. Examples include the voter model, contact process,
and ferromagnetic stochastic Ising models. For a standard reference on monotone IPS with
alphabets of size twowe refer to [3]. In our exposition, we generalize the concept ofmonotone
IPS to finite alphabets. After reviewing some basic facts on monotone IPS we introduce the
concept of weak monotonicity. Then, we discuss Gray’s theorem (see Theorem 5.10) on
weakly-monotone IPS, which plays an important role in Sect. 7. We close this section by
showing that for the proof of Gray’s theorem one can assume w.l.o.g. strong monotonicity.

Notation For a transition matrix P with a linearly ordered alphabet (A,≥) we will write

P (a+ | ζ ) :=
∑
b≥a

P (b | ζ ) ,

P (a− | ζ ) := 1 − P (a+ | ζ ) .

Definition 5.1 (Domination) For two transition matrices P, Q over the same lattice � and a
linearly ordered alphabet (A,≥) we say that P dominates Q if for all a ∈ A it holds that for
all j ∈ �

Pj (a+ | ζ ) ≥ Q j (a+ | ξ) whenever ζ ≥ ξ.

We also say that an IPS(P) dominates IPS(Q) if P dominates Q.

Definition 5.2 (Monotonicity) A transition matrix is monotone if it dominates itself. We will
also say that an IPS is monotone if its transition matrix is.

We now discuss a few fundamental results regarding monotone IPS that provide great aid
in their analysis. Even though the results are standard, we opted to provide simple proofs as
that the literature only discusses alphabets of size two. Informally, the first lemma states that
if one IPS dominates another then their evolutions preserve stochastic dominance between
their trajectories.

Lemma 5.3 (Domination lemma) Let IPS(P) dominate IPS(Q). Then for any pair of initial
distributions that satisfy ζ0 ≥ ξ0 their trajectories (ζt )t≥0 and (ξt )t≥0 under IPS(P) and
IPS(Q) respectively can be constructed in such a way that ζt ≥ ξt for all t ≥ 0, almost
surely.
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The proof consists of a straight-forward coupling argument.

Proof of Domination Lemma We show that the construction given in Sect. 2 satisfies this
condition. First, we let ζ and ξ share the clock and update random variables (τ s and Us).
Then wet set the update functions

(
f j
)
j∈�

,
(
g j

)
j∈�

to be the non-decreasing step functions

on [0, 1] satisfying for all σ ∈ A� and a ∈ A

P

(
f j

(
σ,U j

n

)
= a

)
= Pj (a | σ) ,

P

(
g j

(
σ,U j

n

)
= a

)
= Q j (a | σ) .

Then the ζ ≥ ξ condition is preserved by each update. 
�
Armed with this lemma we now prove the first theorem about monotone IPS. It states that

the distributions of trajectories of monotone IPS are themselves monotone.

Notation • When the lattice is known from the context then for any a ∈ Awe will shorten
the Dirac deltas

δa := δ{a}�.

• For a linearly-ordered alphabet, we will denote its minimal and maximal elements (if
they exist) as a¯ and ā respectively.

Theorem 5.4 If the IPS(P) is monotone then the following holds:

(1) For any increasing event A (i.e. one such that if ζ ≥ ξ and ξ ∈ A then ζ ∈ A) the
function

t �→ δa Pt (A)

is non-increasing for a = ā and non-decreasing for a = a¯ (provided these exist).

(2) The weak limits of (δa Pt )t≥0 for a ∈
{
a¯ , ā

}
exist. These limits will be denoted as μa¯

and μā respectively.
(3) Any invariant measure stochastically dominates μa¯

and is stochastically dominated by
μā .

(4) The measures μa¯
and μā coincide if and only if IPS(P) is ergodic.

In particular, this result implies that for monotone IPS uniqueness of the invariant measure
is equivalent to ergodicity.

Proof of Theorem 5.4 Argument for (1): without loss of generality we set a = ā. Let us pick
any t ≥ s ≥ 0. Let ζ0 = a everywhere and ξ0 be distributed according to δa Pt−s . We have
ζ0 ≥ ξ0 so bymonotonicity of P and Lemma 5.3we can construct their respective trajectories
under P in such a way that ζu ≥ ξu for all u ≥ 0. In particular ζs ≥ ξs . This in turn implies

δa Ps (A) = P (ζs ∈ A) ≥ P (ξs ∈ A) = δa Pt (A) .

Argument for (2): the inclusion–exclusion principle implies that any measure μ onAG is
uniquely determined by its values of

μ (σ ≥ C on K )
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for all possible cylinders C and their supports K . This becomes clear as the measure μ(Ĉ)

of any cylinder Ĉ with finite support is a finite linear combination of terms of this form. The
sequence

(δa Pt (σ ≥ C on K ))t≥0

is monotone by (1) because these are increasing events. It is also bounded so it has a limit.
Thus the limit of δa Pt (Ĉ) exists for any Ĉ , which is exactly convergence in distribution.

Argument for (3): let μ be an invariant measure of IPS(P). By symmetry, it is sufficient
to prove that μ stochastically dominates μa¯

. Let ζ0 be distributed according to μ, ξ0 = a¯
everywhere, and the processes (ζt )t≥0, (ξ)t≥0 be coupled such that ζt ≥ ξt almost surely.
Then for any increasing event A, we have

μ(A) = μPt (A) = P (ζt ∈ A) ≥ P (ξt ∈ A) = δa¯
Pt (A)

t→∞−−−→ μa¯
(A).

Argument for (4): Lemma 5.3 implies that for any measure μ and all t ≥ 0

δā Pt (σ ≥ C on K ) ≥ μPt (σ ≥ C on K ) ≥ δa¯
Pt (σ ≥ C on K ) .

As a consequence

μā (σ ≥ C on K ) ≥ lim
t→∞ μPt (σ ≥ C on K ) ≥ μa¯

(σ ≥ C on K ) .

Ifμa¯
= μā then the limits ofμPt (C) exist and agreewith them. This implies that the limiting

measure of μPt is μa = μb. 
�
Let us introduce the concept of weak domination and weak monotonicity.

Definition 5.5 (Weak domination) For two transition matrices P, Q over the same lattice �

and a linearly ordered alphabet (A,≥) we will say that P weakly dominates Q if for all
a ∈ A it holds that

Pj (a+ | ζ ) ≥ Q j (a+ | ξ) , whenever

{
ζ ≥ ξ, and
ζ( j), ξ( j) ≥ a or ζ( j), ξ( j) < a.

This is a strictly weaker condition than (strong) domination—if ζ( j) > ξ( j) then for every
a ∈ A such that ζ( j) ≥ a > ξ( j) the inequality Pj (a+ | ζ ) ≥ Q j (a+ | ξ) is no longer
required.

Definition 5.6 (Weak monotonicity) A transition matrix is weakly monotone if it dominates
itself weakly.

Weak monotonicity is of course a weaker condition than monotonicity. For example in the
case of nearest neighbor IPS on Z with an alphabet of size two weak monotonicity requires 8
independent inequalities to be satisfied, while monotonicity requires 12. In the next lemma,
we verify that weak monotonicity is the correct extension of monotonicity.

Lemma 5.7 If IPS(P) is weakly monotone then for λ ≤ 1
2 the IPS (λP + (1 − λ) I ) is mono-

tone.

Proof of Lemma 5.7 For any a ∈ A
(λP + (1 − λ) I ) j (a+ | ζ ) = λPj (a+ | ξ) + (1 − λ)1 (ζ( j) ≥ a) .

For any ζ ≥ ξ there are two cases to consider:
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• If ζ( j) ≥ a > ξ( j) then for λ ≤ 1
2 the condition

λPj (a+ | ζ ) + (1 − λ) I j (a+ | ζ ) ≥ λPj (a+ | ξ) + (1 − λ) I j (a+ | ξ)

is satisfied regardless of Pj .
• If on the other hand ζ( j) and ξ( j) are both greater or both less than a then the condition

(λP + (1 − λ) I ) j (a+ | ζ ) ≥ (λP + (1 − λ) I ) j (a+ | ξ)

is equivalent to
Pj (a+ | ζ ) ≥ Pj (a+ | ξ) .

Thus if IPS(P) is weakly monotone then for λ ≤ 1
2 the IPS(λP + (1 − λ) I ) is monotone. 
�

We now apply the Time-Scaling Lemma to extend the results of Theorem 5.4 to weakly
monotone IPS. The main idea is that all the properties proven in Theorem 5.4 are invariant
under scaling time. Therefore one can use the Time-Scaling Lemma to prove that monotonic-
ity and weak monotonicity are equivalent when studying ergodic properties.

Theorem 5.8 (Extension of results for monotone IPS)Weak monotonicity is sufficient for the
results of Theorem 5.4.

Proof of Theorem 5.8 By the Time-Scaling Lemma, it suffices to show that there exists a
λ > 0 such that λP + (1 − λ) I is monotone. By Lemma 5.7, any λ between 0 and 1

2 works.

�

Before turning to Gray’s criterion of ergodicity of monotone IPS, let us introduce the
following notion.

Definition 5.9 (Positive rates) A transition matrix P has positive rates if it differs from the
identity on every entry.

The name comes from the original construction of interacting particle systems with alpha-
bet {0, 1}, where instead of a transition matrix determining updates each site had a clock with
an exponential rate that varied depending on the site’s neighborhood. Whenever this clock
rang the site flipped its state between {0, 1}. Positive rates, in this case, mean that flipping
the state is possible in any neighborhood.

Theorem 5.10 (Gray [7, Theorem1, p. 397])Every one-dimensional, periodic,weaklymono-
tone IPSwith nearest-neighbor interactions, positive rates and alphabet of size two is ergodic.

We observe that the positive rates property is preserved by convex combinations with
identity. Therefore in the proof of Theorem 5.10 one could assumew.l.o.g. that the underlying
IPS is monotone and not just weakly monotone.

5.2 Ergodicity of Additive and Cancellative IPS

In this section,we extend twowell-known theorems on exponential ergodicity using theTime-
Scaling Lemma. The two theorems are taken from Griffeath’s lecture notes on “Additive and
Cancellative Interacting Particle Systems” [6].

There are many ways to construct a trajectory of an IPS and the construction in Griffeath’s
work differs greatly from our own. As a result, it is not immediately obvious what a transition
matrix of an additive or cancellative IPS looks like. For the convenience of the reader, we
directly give the correct definitions for our setting without a derivation. For details of the
derivation we refer to Sects. 7 and 7 in “Appendix”.
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Definition 5.11 (Additive IPS) An IPS is called additive, if its transition matrix P can be
expressed as a convex combination of the 1 matrix and any matrices of the form

PS (1 | σ) =
{
1, if S ∩ σ−1 (1) �= ∅,

0, if S ∩ σ−1 (1) = ∅,

for any S ⊆ N .

Whenever there is an update at site j , an additive IPS either flips the state to one, or selects
a subset S ⊂ N of its interaction neighborhood N via the convex combination. Then, the
present state becomes 1, if there is a 1 present in the set j + S.

Theorem 5.12 (Ergodicity of additive IPS, cf. Corollary 2.5, p. 20 in [6]) We consider an
additive IPS that is homogeneous over Z

d with positive rates and alphabet {0, 1}. Then this
IPS is exponentially ergodic. The rate of ergodicity is at least as large as the coefficient of
the 1 matrix in the above convex combination.

Let us consider now cancellative IPS.

Definition 5.13 (Cancellative IPS) An IPS is called cancellative, if its transition matrix P
can be expressed as a convex combination of matrices of the form

P0,S (1 | σ) = ∣∣S ∩ σ−1 (1)
∣∣ (mod 2) ,

P1,S (1 | σ) = 1 − ∣∣S ∩ σ−1 (1)
∣∣ (mod 2) .

Cancellative IPS work similar to additive IPS. Instead of just choosing a subset S ⊂ N ,
one also chooses a type of update. The first type makes the present state a 1 if there is an odd
number of 1s present in j + S. The second, if there is an even number of 1s.

Theorem 5.14 (Ergodicity of cancellative IPS, cf. Corollary 2.3, p. 72, in [6]) Let IPS(P)

be homogeneous over Z
d with positive rates and alphabet {0, 1}. If P is a cancellative then

IPS(P) is exponentially ergodic. The rate of ergodicity is at least as large as twice the
coefficient of the 1 matrix in the above convex combination.

We want to note that all of the matrices PS are deterministic and in the additive case
monotone. Thewaywe extend these theorems remains the same—we characterize the IPS(P)

for which there exists another of the form IPS(λP+ (1 − λ) I )which satisfies the conditions
in either theorem.

Theorem 5.15 (Extension of Griffeath’s theorems) Theorems 5.12 and 5.14 also hold when
the coefficient of P{0} or P0,{0} (i.e. the identity) is allowed to be negative (the coefficients
must still sum to 1).

Proof of Theorem 5.15 We only show how to extend Theorem 5.12. The extension of Theo-
rem 5.14 is similar. Let P be a transition matrix with positive rates, expressible as

P = α1 +
∑
S⊆N

λS PS,

where α+∑
λS = 1 and λS ≥ 0, with the possible exception of λ{0}. Consider the transition

matrix
Q = λP + (1 − λ) I = λ · α1 +

∑
S⊆N

λ · λS PS + (1 − λ) P{0}.
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For λ sufficiently close to zero the coefficient of P{0} = I becomes positive, whichmeans that
by Theorem 5.12 (or 5.14) the IPS(Q) is exponentially ergodic with rate λα. We conclude
with the Time-Scaling Lemma which implies that IPS(P) is exponentially ergodic with rate
α. 
�

6 A New Criterion for Decay of Covariances

In this section, we develop a method to show exponential decay of correlations of an IPS. The
main result of this section, namely Theorem 6.9, is an extension of a result by Leontovitch
and Vaserstein [8] for PCAs (see Theorem 6.8). For a reference in English see Chaps. 4
and 7 in [14]. Our method allows to extend the criterion to arbitrary alphabets and demands
fewer assumptions on the underlying lattice structure. For example, the interaction neigh-
borhoods N j do not have to be uniformly bounded. As our method allows to study IPS in
continuous time, we also apply the time-scaling trick which relaxes the central assumption
on contractivity.

The main idea is as follows. Consider the covariance Cov ( f (ζ0), g(ζt )) between two
functions on the configuration space, one at time 0 and one at time t . Increasing t has the
effect of adding more updates to ζt . If each of those updates acts like a contraction then
an exponential decay of correlations can be deduced. Compared to discrete time IPS, this
argument faces additional technical challenges when applied to continuous time. The reason
is that the times of updates are random and not well-ordered.

6.1 Auxiliary Definitions

Before stating our theorem let us define a few auxiliary objects. We will start by defining a
convenient semi-norm on the space of local functions for a given alphabet and lattice.

Definition 6.1 (Representational semi-norm) For any family F ⊆ F such that Span (F) = F
we define a representational semi-norm on F as follows:

‖ f ‖F := inf

⎧⎨
⎩

∑
1≤k≤n

|ak | : ∃ (g1, . . . , gn ∈ F \ {const.})
⎡
⎣ ∑
1≤k≤n

ak · gk = f − const.

⎤
⎦
⎫⎬
⎭ .

Definition 6.2 (Product basis) For a linearly ordered, finite alphabet (A,≥) let a¯ be its

minimal element. Let us consider two functions x : A \ {a¯ } → R and y : A \ {a¯ } → R such

that x(a) �= y(a) for all a ∈ A \ {a¯ }. We consider the family of functions

F
(x, y) =
{
χ K ,aK ∈ F : K ⊆ �, |K | < ∞, aK ∈

(
A \ {a¯ }

)K
}

,

where χ K ,aK is defined as

χ
∅

:= 1,

χ K ,aK :=
∏
j∈K

χ { j},aK ( j),

χ { j},a (ζ ) :=
{
x(a), ζ( j) ≥ a,

y(a), ζ( j) < a.
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The next statement justifies to call F
 a product basis of F.

Lemma 6.3 The family F
 is a basis of the linear space F.

Proof of Lemma 6.3 To convince us that Span (F
) = F, we observe that one can easily
construct the indicator function of arbitrary cylinders by multiplying terms of the form

χ { j},a − y(a)

x(a) − y(a)
, or

χ { j},a − x(a)

y(a) − x(a)
,

and then by expanding the result. These indicator functions span F in the following way:

f (ζ ) =
∑

σ∈ADom( f )

f (σ )1 (ζ (Dom( f )) = σ) .

It is left to show that the representations in F
 are unique. For this it suffices to show that
for any finite K ⊂ � the functions

{
χ L,aL : L ⊆ K , aL ∈

(
A \ {a¯ }

)L
}

form a basis of R
AK

. Indeed, if that were not the case, we would find a counterexample to
their linear independence within some finite K . The dimension of R

AK
is |A||K | and there

are exactly as many functions in this family. Since they span R
AK

they must be linearly
independent. 
�
Notation For convenience, we will write ‖·‖
 rather than ‖·‖F


. For the special case when
the alphabet is of size two, we will identify the functions x , y with their unique values and
write

χ { j} := χ { j},ā and χ K :=
∏
j∈K

χ { j},

as these indexes are not needed.

The next remark shows how the semi-norm ‖ · ‖F can be used to characterize ergodicity.

Remark 6.4 Let us consider a basisF that contains the constant function 1. Then, a function f
can be uniquely written as linear combination of the basis functions i.e.

f = a1 +
∑

h∈F\{1}
ah h.

The semi-norm ‖ f ‖F is given by ‖ f ‖F = ∑
h∈F\{1} |ah |. We observe that ergodicity means

that E [ f (ζt ) | ζ0] converges to a constant as t → ∞ for any initial condition ζ0 and test
function f . This is implied by ‖E [ f (ζt ) | ζ0] ‖F → 0.

By the last remark, it becomes evident that in order to show ergodicity of the underlying
IPS, one needs to understand the evolution of E [ f (ζt ) | ζ0] for arbitrary test-function f .
Hence, our strategy for demonstrating ergodicity of an IPS is to show that under suitable
conditions the operator

f ( · ) �→ E [ f (ζt ) | ζ0 = · ]
contracts the representational seminorm and forces it to decay to zero. By the construction of
the IPS, we observe that ζt only changes if certain clocks ring and trigger an update. For this
reason, we introduce the concept of update operators, with the aim of showing that updates
contract ‖ · ‖
.
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Definition 6.5 (Update operators) For an IPS (P) on � let us define the linear operators
E j , E : F (A,�) → F (A,�) for j ∈ � by

E j ( f )(σ ) := E
[
f (ζt ) | ζt− = σ and (t, j) ∈ Update

]

and

E( f ) := 1

|Dom( f )|
∑

j∈Dom( f )

E j ( f ). (1)

Remark 6.6 The update operators E j specify the mean effect of a one-step update on a test-
function f , assuming that an update happened at site j . Since the clocks are exponentially
distributed, almost surely at most one site can be updated simultaneously. Also, each site is
equally likely to be the next one updated.

Definition 6.7 (Update coefficients)We consider a product basis F
 and represent the update

operator E j

(
χ { j},a

)
in this basis, i.e.

E j

(
χ { j},a

)
=

∑

S ⊆ N j

aS ∈
(
A \ {a¯ }

)S

C ( j,a)
S, aS

· χ S, aS . (2)

The coefficients
{
C ( j,a)
S, aS

: j ∈ �, a ∈ A \ {a¯ }, S ⊆ N j , aS ∈
(
A \ {a¯ }

)S
}

are called representational coefficients of E j

(
χ { j},a

)
.

Notation As before, for the special case when the alphabet is of size two, we will omit the
indexes and write

C ( j)
S := C ( j,ā)

S,āS
.

If the IPS is homogeneous and the underlying lattice has neighborhoods of the form N j =
j + N then we will also omit the position index

CS := C ( j)
S .

Theoperator f �→ E [ f (ζt ) | ζ0] canbe expressedvia the update operators in the following
way:

E [ f (ζt ) | ζ0] =
∑
n≥0

P(there are n relevant updates until t) E ◦ · · · ◦ E︸ ︷︷ ︸
n-times

( f ). (3)

Using (1) and (2) one can express the right hand side of (3) in terms of the update coeffi-
cients C ( j,a)

S,aS
. Then, one would expect that a good control on |C ( j,a)

S,aS
| would yield ergodicity

(cf. Remark 6.4). Theorem 6.9 makes this heuristic argument rigorous.
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6.2 Decay of Correlations by Recursion

In this section we will show how decay of correlations of an IPS can be deduced via a
simple recursion argument. We will begin by stating the original theorem by Leontovitch
and Vaserstein [8].

Theorem 6.8 (Leontovitch and Vaserstein) Let R := max j∈�

∣∣N j
∣∣ be finite and for different

real numbers x, y denote

γ := max
1≤m≤R

(
1,max (|x | , |y|) R

m −1 ,

(∣∣∣∣
xm − ym

x − y

∣∣∣∣ +
∣∣∣∣
xm y − xym

x − y

∣∣∣∣
) R

m
)

.

If for a PC A with alphabet of size two over lattice � and the product basis with values x, y
it holds that

sup
j∈�

∑
S⊆N j

∣∣∣C ( j)
S

∣∣∣ <
1

γ
,

then this PC A is uniformly, exponentially ergodic.

The main result of this section is the following theorem.

Theorem 6.9 Assume that for an IPS(P) with a finite alphabetA there exists a product basis
with values x, y : A \ {a¯ } → R such that

(1) The values x, y are bounded by ±1.
(2) For all a ∈ A \ {a¯ } it holds x(a)y(a) ≤ 0.

(3) For all a > b > a¯ the inequality
|x(b)| + |y(a)| + |x(b)y(a)| ≤ 1 holds.

(4) The constants
(
C { j,a}

{ j},a
)
j∈�,a∈A\{a¯ }

are uniformly bounded.

(5) The following inequality is satisfied:

α := sup
j∈�,a∈A\{a¯ }

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

C ( j,a)
{ j},a +

∑

S ⊆ N j , aS ∈
(
A \ {a¯ }

)S

(S, aS) �= ({ j} , a)

∣∣∣C ( j,a)
S, aS

∣∣∣

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

< 1. (4)

Then IPS(P)has uniform, exponential decay of correlations.More precisely, for any f , g ∈ F
and ζ ∈ IPS(P)

|Cov ( f (ζ0), g(ζt ))| ≤ 2 ‖ f ‖∞ ‖g‖
 e−(1−α)t .

We observe that Theorem 6.9 extends Theorem 6.8 in several ways. First, it extends the
statement from PCA to IPS. Then, it does not require the interaction neighborhoods N j to
be uniformly bounded and alphabets can be of arbitrary finite size. This is due to the more
efficient structure of the argument. Finally, the central inequality is relaxed—we are able
to drop absolute value from one of the terms. This last improvement is derived using the
Time-Scaling Lemma, and is the only step of our proof that substantially uses the continuous
time setting. We believe that Theorem 6.9 could be derived, in the same form, for PCAs, with
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the only difference being that the absolute value over
∣∣∣C ( j, a)

{ j}, a
∣∣∣ cannot be dropped. However,

we do not prove it here.

Remark 6.10 If the alphabet is of size two thenCondition 3 of Theorem6.9 is null. If the IPS is
homogeneous then Condition 4 is automatically satisfied. In the special case of homogeneous
IPS with the alphabet size two Condition 5 becomes

α := C{0} +
∑

S ⊆ N
S �= {0}

|CS | < 1.

The strategy for the proof of Theorem 6.9 is as follows: first, we will prove the result
assuming the stronger inequality

β := sup
j∈�,a∈A\{a¯ }

∑

S ⊆ N j

aS ∈
(
A \ {a¯ }

)S

∣∣∣C ( j,a)
S, aS

∣∣∣ < 1. (5)

This condition is stronger than the inequality (4) as the terms C ( j,a)
{ j}, a{ j} appear with absolute

values. Then in the second main step, we will weaken this condition using the Time-Scaling
Lemma, getting rid of those absolute values.

Let us turn to the first step. We introduce auxiliary stopping times to label the updates in
a given subset of �.

Definition 6.11 (Times of previous updates) Let � be a causal lattice. For any finite K ⊂ �

and t ≥ 0 let πK (t) denote the time of the last update that happened somewhere in K up to
time t , i.e.

πK (t) := sup {s < t : {s} × K ∩ Update �= ∅} ∪ {0} .

The core of the argument is to show that an update in K contracts the covariance
Cov

(
f (ζ0), χ K ,aK (ζt )

)
. The central ingredient in deducing the contraction is Lemma 6.12

below. After deducing the contraction property, it is left to estimate the distribution of the
number of relevant updates up to a specified time.

Lemma 6.12 If the product basis F
 satisfies the Conditions 1, 2 and 3 of Theorem 6.9, then
∥∥E(χ K , aK )

∥∥



≤ β.

Proof of Lemma 6.12 The argument is a straightforward calculation though it is easy to get
lost in notation. Therefore, we first carry out the proof in the most simple scenario and then
in full generality. This also helps to point out the main steps of the argument.

Let us consider the an IPS with alphabet {0, 1}, on a one-dimensional lattice with right
nearest-neighbor interaction (for more details see Sect. 3). For the linear space Fwe consider
the basis functions

χ K :=
∏
j∈K

χ { j}

given by

χ i (σ ) :=
{

+1, if σ(i) = +1,

−1, if σ(i) = 0.
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We observe that in this situation the constant β [cf. (5)] becomes

|C∅| + |C{0}| + |C{1}| + |C{0,1}| = β.

Additionally, the representation (2) of the mean-update operator E j
(
χ K

)
for a given update

at site j simplifies to

E j
(
χ K

) = E j

(∏
i∈K

χ {i}

)

=
∏

i∈K\{ j}
χ i E j

(
χ { j}

)

= χ K\{ j} E j

(
χ { j}

)

= χ K\{ j}
(
C∅ + C{0}χ { j} + C{1}χ { j+1} + C{0,1}χ { j, j+1}

)

= C∅χ K\{ j} + C{0}χ K +
{
C{1}χ K\{ j, j+1} + C{0,1}χ K\{ j+1}, if j + 1 ∈ K ,

C{1}χ K\{ j}∪{ j+1} + C{0,1}χ K∪{ j+1}, if j + 1 /∈ K .

(6)

We observe that for any set M it holds ‖χM‖
 = 1. Indeed, this follows from the definition
of ‖ · ‖
 and the observation that χM is an element of the basis. Therefore, the identity (6)
combined with the triangle inequality yields the desired inequality

∥∥E(χ K )
∥∥



=

∥∥∥∥∥∥
1

|K |
∑
j∈K

E j
(
χ K

)
∥∥∥∥∥∥




≤ 1

|K |
∑
j∈K

∥∥E j
(
χ K

)∥∥



≤ sup
j

∥∥E j
(
χ K

)∥∥



≤ |C∅| + |C{0}| + |C{1}| + |C{0,1}| = β. (7)

The argument for the general case is similar but deviates in the last step [see (7)]. Again,
we observe that

∥∥E(χ K , aK )
∥∥



=

∥∥∥∥∥∥
1

|K |
∑
j∈K

E j (χ K , aK )

∥∥∥∥∥∥



≤ sup
j∈K

∥∥E j (χ K , aK )
∥∥



.
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This last term can be bounded as follows:
∥∥E j

(
χ K , aK

)∥∥



=
∥∥∥χ K\{ j}, aK\{ j} · E j

(
χ { j}, a{ j}

)∥∥∥



=

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

∑

S ⊆ N j

bS ∈
(
A \ {a¯ }

)S

C( j,a{ j})
S,aS

χ K\{ j}�S, (aK\{ j}∪S∪bS\(K\{ j}))
∏

i∈K\{ j}∩S

χ {i},a{i}χ {i},b{i}

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥



.

Now we apply the triangle’s inequality, bounding the sum of
∣∣∣C( j,a{ j})

S,aS

∣∣∣ by β and the norm

of the product of χ functions by the worst possible case. We obtain an upper bound of

β · sup
K̂ ,aK̂ ,(bn),(cn)

∥∥∥∥∥χ K̂ ,aK̂

∏
n

χ {in},bn · χ {in},cn

∥∥∥∥∥



,

where the product in the last term is over at most |K | many terms.
Compared to the simple case [see (7)], the function in the semi-norm is not automatically

an element of the basis. Therefore it is not obvious if the supremum does not exceed one. In
the next paragraph, we check that this supremum does not exceed one.

First, we notice that the representational seminorm has the nice property that for any
functions f , g ∈ F with disjoint domains

‖ f · g‖
 ≤ ‖ f ‖∗

 · ‖g‖∗


 , (8)

where the ‖ · ‖∗

 is the same as ‖ · ‖
 , except the constant is not ignored (cf. Definition 6.1).

Indeed, if the representations of these functions in the basis are

f =
∑

K ⊆ Dom( f )

aK ∈
(
A \ {a¯ }

)K

αK ,aK · χ K ,aK

and
g =

∑

L ⊆ Dom(g)

bL ∈
(
A \ {a¯ }

)L

βL,bL · χ L,bL ,

then their product is can be written as

f · g =
∑

αK ,aK βL,bL · χ K∪L,aK∪bL .

The crucial property used here is that the product basis is closed under the multiplication of
χ functions with disjoint domains, from which (8) follows.
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Using the identity (8) and observing that the product only has at most |K | many terms,
one obtains the inequality

∥∥∥∥∥χ K ,aK

∏
n

χ {in},bn · χ {in},cn

∥∥∥∥∥



≤ sup
j∈�

sup
a,b∈A\{a¯ }

(∥∥∥χ { j},a · χ { j},b
∥∥∥

∗



)|K |
.

It is left to show that
∥∥∥χ { j},a · χ { j},b

∥∥∥
∗



≤ 1. (9)

Indeed, this can be achieved by calculating the term explicitly. Without loss of generality
assume that a ≥ b > a¯ . Then

χ { j}, a · χ { j}, b = x(b) · χ { j}, a + y(a) · χ { j}, b − x(b)y(a).

There are two cases. If a = b then
∥∥∥χ { j}, a · χ { j}, b

∥∥∥
∗



= |x(a) + y(a)| + |x(a)y(a)| ≤ 1,

whenever x(a) and y(a) are bounded by ±1 and have different signs. If a > b then the
inequality required is

|x(b)| + |y(a)| + |x(b)y(a)| ≤ 1,

which follows from our assumption 3 and completes the argument. 
�
Proof of the Theorem 6.9 As outlined above, the proof is structured in two parts. In the first
part, we make the stronger assumption β < 1 instead of α < 1 [see (5)]. We will show that

|Cov( f (ζ0), g(ζt ))| ≤ 2 ‖ f ‖∞ ‖g‖
 e−(1−β)t . (10)

In the second step, using the time-scaling trick we will weaken the assumption to α < 1 and
improve the inequality (10) to the desired estimate

|Cov( f (ζ0), g(ζt ))| ≤ 2 ‖ f ‖∞ ‖g‖
 e−(1−α)t . (11)

Let us turn to the verification of (10). In the first step, writing the function g ∈ F via the
product basis F
 yields

g =
∑
K ,aK

CK ,akχ K ,aK ,

where the sum is over finitely many sets K and tuples aK . Let us note that all sets K are
non-empty and finite. We therefore get the estimate

|Cov( f (ζ0), g(ζt ))| =
∣∣∣∣∣∣
∑
K ,aK

CK ,aK Cov( f (ζ0), χ K ,aK (ζt ))

∣∣∣∣∣∣
≤ ‖g‖
 sup

K ,aK

∣∣Cov( f (ζ0), χ K ,aK (ζt ))
∣∣.

Hence, in order to deduce (10) it suffices to show that

sup
K ,aK

∣∣Cov( f (ζ0), χ K ,aK (ζt ))
∣∣ ≤ 2 ‖ f ‖∞ e−(1−β)t . (12)
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We turn to the verification of (12) and consider a finite set K0 with tuple aK0 . Let us
consider the stopping time πK0(t) which denotes the most recent time, a site in K0 got
updated (see Definition 6.11). We observe that

∣∣Cov( f (ζ0), χ K0,aK0
(ζt ))

∣∣
≤ ∣∣Cov( f (ζ0),1(πK0(t) = 0) χ K0,aK0

(ζt ))
∣∣

+ ∣∣Cov( f (ζ0),1(πK0(t) > 0) χ K0,aK0
(ζt ))

∣∣
≤ ‖ f ‖∞ P

(
πK0(t) = 0

) + ∣∣Cov( f (ζ0),1(πK0(t) > 0) χ K0,aK0
(ζt ))

∣∣.
Let Ft denote the σ -algebra generated by all the events up to time t . Conditioning on F0

yields the identity

Cov
(
f (ζ0),1(πK0(t) > 0)χ K0,aK0

(ζt )
) = Cov

(
f (ζ0), E

[
1(πK0(t) > 0)χ K ,aK (ζt ) | F0

])
.

A combination of the last three formulas we arrive at the estimate∣∣∣Cov( f (ζ0), χ K0,aK0
(ζt ))

∣∣∣
≤ 2 ‖ f ‖∞ P

(
πK0(t) = 0

) +
∣∣∣Cov

(
f (ζ0), E

[
1(πK0(t) > 0)χ K0,aK0

(ζt ) | F0

])∣∣∣ .
(13)

Let us consider the expectation under the covariance. We get that

E

[
1(πK0(t) > 0)χ K0,aK0

(ζt ) | F0

]

= E

[
E

[
1(πK0(t) > 0) χ K0,aK0

(ζπK0 (t)) | FπK0 (t)−
]

| F0

]

= E

[
1(πK0(t) > 0) E

[
χ K0,aK0

(ζπK0 (t)) | FπK0 (t)−
]

| F0

]

= E

[
1(πK0(t) > 0) E

(
χ K0,aK0

)
(ζπK0 (t)−) | F0

]

=
∑

K1,aK̃1

C̃K1,aK1
E

[
1(πK0(t) > 0) χ K1,aK1

(ζπK0 (t)−) | F0

]
. (14)

Here, the first equality follows from the law of total expectation. The second equality holds
because 1(πK0(t) > 0) is FπK0 (t)− -measurable. The third one holds by the definition of the

operator E (see Definition 6.5). For the last identity, we expressed the function E

(
χ K0,aK0

)

using the product basis F
.
Using the Formula (14) and Lemma 6.12 we estimate the second term on the right hand

side of (13) as
∣∣∣Cov

(
f (ζ0), E

[
1(πK0(t) > 0)χ K0,aK0

(ζt ) | F0

])∣∣∣
≤

∑
K1 �=∅,aK1

∣∣∣C̃K1,aK1

∣∣∣
∣∣∣Cov

(
f (ζ0), E

[
1(πK0(t) > 0) χ K1,aK1

(ζπK0 (t)−) | F0

])∣∣∣

≤
∥∥∥E

(
χ K0,aK0

)∥∥∥



sup
K1 �=∅,aK1

∣∣∣Cov
(
f (ζ0), E

[
1(πK0(t) > 0)χ K1 �=∅,aK1

((ζπK0 (t)−)) | F0

])∣∣∣

≤ β sup
K1 �=∅,aK1

∣∣∣Cov
(
f (ζ0), E

[
1(πK0(t) > 0)χ K1,aK1

((ζπK0 (t)−)) | F0

])∣∣∣ . (15)
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Now, let us fix a non-empty but finite set K1 and introduce the ad-hoc notationπ0(t) = πK0(t)
and π1(t) := (

πK1 ◦ πK0

)
(t). Because π0(t) ≥ π1(t), the term on the right-hand side of (15)

can be further estimated as
∣∣∣Cov

(
f (ζ0), E

[
1(πK0(t) > 0)χ K1,aK1

((ζπK0 (t)−)) | F0

])∣∣∣
≤

∣∣∣Cov
(
f (ζ0), E [1(π1(t) = 0 and π0(t) > 0) | F0] χ K1,aK1

(ζ0)
)∣∣∣

+
∣∣∣Cov

(
f (ζ0), E

[
1(π1(t) > 0) χ K1,aK1

(ζπ1(t)) | F0

])∣∣∣
≤ 2 ‖ f ‖∞ P (π1(t) = 0 and π0(t) > 0)

+
∣∣∣Cov

(
f (ζ0), E

[
1(π1(t) > 0) χ K1,aK1

(ζπ1(t)) | F0

])∣∣∣ . (16)

Hence, a combination of (15) and (16) shows that

sup
K0,aK0

∣∣∣Cov
(
f (ζ0), E

[
1(πK0(t) > 0)χ K0,aK0

(ζt ) | F0

])∣∣∣

≤ β 2 ‖ f ‖∞ P (π1(t) = 0 and π0(t) > 0)

+ β sup
K1,aK1

∣∣∣Cov
(
f (ζ0), E

[
1(π1(t) > 0) χ K1,aK1

(ζπ1(t)) | F0

])∣∣∣ . (17)

We observe that the term on the left hand side of (17) and the second term on the right hand
side is of the same form. This allows us to perform a recursive argument: For a sequence of

finite but non-empty sets K0, K1, . . . we introduce the notation

πn(t) := (
πKn ◦ · · · ◦ πK0

)
(t).

We observe that 1(πn(t) > 0) means that there were at least n-updates up to time t , first in
the set Kn , then in Kn−1, . . . With the same argument as used in (17), we can deduce that

sup
Kn ,aKn

∣∣∣Cov
(
f (ζ0), E

[
1(πKn (t) > 0)χ Kn ,aKn

(ζπn(t)) | F0

])∣∣∣

≤ β 2 ‖ f ‖∞ P (πn+1(t) = 0 and πn(t) > 0)

+ β sup
Kn+1,aKn+1

∣∣∣Cov
(
f (ζ0), E

[
1(πn+1(t) > 0) χ Kn+1,aKn+1

(ζπn+1(t)) | F0

])∣∣∣ .

(18)

Overall, a combination of (13), (17) and (18) yields the estimate (setting formally π−1 = 1)

sup
K0 �=∅, aK0

∣∣∣Cov
(
f (ζ0), χ K0,aK0

(ζt )
)∣∣∣

≤ sup
K0,...,Kn �=∅

n∑
m=0

2 βm ‖ f ‖∞ · P (πm(t) = 0 and πm−1(t) > 0)

+ sup
K0,...,Kn �=∅, aKn

βn ·
∣∣∣Cov

(
f (ζ0), E

[
1(πn(t) > 0) · χ Kn ,aKn

(ζπn(t)) | F0

])∣∣∣ .

Let us now analyze the limit n → ∞. This last term is bounded by 2βn ‖ f ‖∞ and
disappears. Thus we need only concern ourselves with the series of probabilities. For a fixed
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sequence of sets (Kn)n≥0 we get

n∑
m=0

βm · P (πm(t) = 0 and πm−1(t) > 0)

=
n∑

m=0

(
βm − βm+1) ·

∑
i≤m

P (πi (t) = 0 and πi−1(t) > 0)

+ βn+1 ·
∑
i≤n

P (πi (t) = 0 and πi−1(t) > 0)

≤
n∑

m=0

(
βm − βm+1) · P (πm(t) = 0) + nβn+1

=
n∑

m=0

(
βm − βm+1) · P

(
πKm ◦ · · · ◦ πK0(t) = 0

) + nβn+1.

The probabilities are estimated in the following way. The increments (πi (t) − πi+1(t)) are
independent exponential random variables with rates |Ki |. Since Ki �= ∅ we may bound the
probability by the worst case scenario, where all K s are of minimal size 1, which yields

n∑
m=0

(
βm − βm+1) · P

⎛
⎜⎝π{ j} ◦ · · · ◦ π{ j}︸ ︷︷ ︸

m+1

(t) = 0

⎞
⎟⎠

≤
n∑

m=0

(
βm − βm+1) ·

m∑
k=0

tk

k! e
−t ≤ e−(1−β)t .

Overall, we have obtained the desired estimate (10) which finishes the first part of the proof.
Let us turn to the second part, namely deducing the estimate (11) under the weaker

assumption α < 1. The sole difference between α and β is that in the definition of α there is
one absolute valuemissing in the coefficientsC ( j,a)

{ j},a [see (5)].We observe that the coefficients
Cs are linear functions of the entries of the transition matrix, as they are the solutions to a
linear system of equations

∑

S ⊆ N j

aS ∈
(
A \ {a¯ }

)S

C ( j,a)
S, aS

· χ S, aS (σ ) = E j

(
χ { j},a

)
(σ )

= Pj (a+ | σ) · x(a) + Pj (a− | σ) · y(a),

for every configuration σ . For the identity transition matrix, the values of Cs are C ( j,a)
S, aS

= 1
for (S, aS) = ({ j} , a) and 0 otherwise. To use the Time-Scaling Lemma we will find some
λ ∈ (0, 1] such that

1 − λ + λC ( j,a)
{ j},a ≥ 0 for all j ∈ �, a ∈ A \ {a¯ }
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and

sup
j∈�, a∈A\{a¯ }

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

∣∣∣1 − λ + λC ( j,a)
{ j},a

∣∣∣ +
∑

S ⊆ N j , aS ∈
(
A \ {a¯ }

)S

(S, aS) �= ({ j} , a)

λ

∣∣∣C ( j,a)
S,aS

∣∣∣

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

< 1.

If the first condition is satisfied then the second one is equivalent to the assumption α < 1.
Of course, such a λ exists sinceC ( j,a)

{ j},a are uniformly bounded. Set Q = λP + (1 − λ) I . The
bound for covariance decay holds for IPS(Q) with rate λα. By the Time-Scaling Lemma it
also holds for IPS(P) with rate α, which concludes the second part of the proof. 
�

6.3 Example: The Two-Stage Contact Process

This generalization of the original contact process was first introduced by Krone [9]. It
was meant as a toy model of population growth with a distinction between young and adult
members,where only the adults can spread. It is a homogeneous IPSwith parameters (λ, γ, δ),
which are the rates of respectively spreading to a neighboring site by an adult, maturing to
adulthood, and “infant mortality”. Besides the last factor, all members of the population
die at a constant rate. For a homogeneous lattice, the two-stage contact process with those
parameters is given by a transition matrix

Pj (0 | σ) =

⎧⎪⎨
⎪⎩

1 − λ
β

∣∣σ−1(2) ∩ N j
∣∣ , σ ( j) = 0,

1+δ
β

, σ ( j) = 1,
1
β
, σ ( j) = 2,

Pj (1 | σ) =

⎧⎪⎨
⎪⎩

λ
β

∣∣σ−1(2) ∩ N j
∣∣ , σ ( j) = 0,

1 − γ
β

− 1+δ
β

, σ ( j) = 1,
0, σ ( j) = 2,

and

Pj (2 | σ) =
⎧
⎨
⎩

0, σ ( j) = 0,
γ
β
, σ ( j) = 1,

1 − 1
β
, σ ( j) = 2,

where β = 1+ δ + γ +λ |N |, zeroes represent the vacant sites, and ones and twos represent
the young and adult members of the population respectively.

The ergodicity of this process is equivalent to the population dying out, as δ0 is an invariant
measure. We will use Theorem 6.9 to find a sufficiency condition for that to happen. We use
product bases of F given by

χ j,1(σ ) = A · 1 (σ ( j) ≥ 1) and χ j,2(σ ) = B · 1 (σ ( j) = 2) ,

i.e. their values will be x(1) = A, x(2) = B and y ≡ 0. If A and B are bounded by ±1 then
the Conditions 1–4 of Theorem 6.9 are met. Let us now check when Condition 5 holds. First,
we note that

E j

(
χ j,a

)
= x(a) · Pj (a+ | σ) ,
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and ∣∣σ−1(2) ∩ N j
∣∣ =

∑
i∈N j

1

B
χ i,2(σ ).

Then we can express indicators of single-site cylinders as

1 (σ ( j) = 0) = 1 − 1

A
χ j,1,

1 (σ ( j) = 1) = 1

A
χ j,1 − 1

B
χ j,2, and

1 (σ ( j) = 2) = 1

B
χ j,2.

Let us now determine Condition 5. We observe that

E j

(
χ j,1

)
= A

(
1 − 1

A
χ j,1

)
λ

β

∑
i∈N j

1

B
χ i,2

+ A

(
1

A
χ j,1 − 1

B
χ j,2

)(
1 − 1 + δ

β

)
+ A

(
1

B
χ j,2

)(
1 − 1

β

)

= χ j,1

(
1 − 1 + δ

β

)
+ χ j,2

(
Aλ

Bβ
− λ

Bβ
+ Aδ

Bβ

)

+
∑

i∈N j \{ j}
χ i,2

Aλ

Bβ
− χ {i, j},(2,1)

λ

Bβ
,

and

E j (χ j,2) = B

(
1

A
χ j,1 − 1

B
χ j,2

)
γ

β
+ B

(
1

B
χ j,2

)(
1 − 1

β

)

= χ j,1
Bγ

Aβ
+ χ j,2

(
1 − 1

β
− γ

β

)
.

Then Condition 5 is equivalent to the inequalities:

1 − 1 + δ

β
+

∣∣∣∣
Aλ

Bβ
− λ

Bβ
+ Aδ

Bβ

∣∣∣∣ + (|N | − 1)
(1 + |A|) λ

|B|β < 1, and (19)
∣∣∣∣
Bγ

Aβ

∣∣∣∣ + 1 − 1

β
− γ

β
< 1. (20)

Our goal now is to find A and B such that this condition is satisfied. We may choose any
A, B ∈ [−1, 1] \ {0}. We note that the sign of B does not matter. Choosing A of the same
sign as B minimizes the third term in (19) without affecting anything else. Hence we may
restrict our search to positive A, B. It is clear that whatever values A, B we choose we may
relax (19) by increasing B. There is a bound on B imposed by (20) and |B| ≤ 1 i.e.

|B| < min

(
1, A

1 + γ

γ

)
.

We may proceed with B = min
(
1, A 1+γ

γ

)
since if such B permits a choice of A satisfying

(19) then by decreasing B slightly we will arrive at a pair (A, B) satisfying both inequalities.
To find the optimal A is now just a question of algebra. Under the assumption that |N | ≥ 2

the optimal A is given by max
(

γ
1+γ

, λ
λ+δ

)
. The case |N | = 1 may be disregarded since for
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|N | = 1 the IPS has no interactions between particles. We observe that this value of A forces
B to equal one. Hence the condition we arrive at is

max

(
γ

1 + γ
,

λ

λ + δ

)
<

1 + 2λ + δ − λ |N |
δ + λ |N | .

If this inequality holds then by Theorem 6.9 the two-stage contact process with parameters
(λ, γ, δ) dies out.

7 Positive Rates Conjecture for One-Sided Nearest-Neighbor
Interactions

In this section we study an open problem, namely the positive rates conjecture for IPSwith an
alphabet of size two and one-sided nearest-neighbor interactions. Despite Gács counterex-
ample, we believe the PRC holds for “simple” enough IPS. His construction required the
alphabet and interaction range to be on the order of 2300 to generate a phase transition. The
IPS we will be dealing with lack sufficient complexity for non-ergodic behavior. Addition-
ally, Głuchowski and Miekisz have carried out extensive simulations of these simple IPS
looking for any counterexamples among them. They have simulated the standard coupling
between trajectories of these IPS starting from different initial configurations. The results
suggest that their disagreement does not percolate through spacetime implying ergodicity.
Section 3 summarizes the findings of this numerical study, categorizing the different types
of behavior.

When studying ergodicity it is natural to consider IPS with an alphabet of size two and
one-sided nearest-neighbor interactions. All simpler IPS are ergodic. If the lattice is finite then
the assumption of positive rates implies ergodicity, as the PCA or IPS is a finite, irreducible
Markov chain. Similarly, if the neighborhood is smaller, i.e.

∣∣N j
∣∣ ≤ 1 for all j ∈ �, the

resulting PCA or IPS is ergodic, irrespective of the underlying lattice structure. Indeed,
Theorem 6.8 yields that conclusion for PCAs and Theorem 6.9 for IPS (using the product
basis with values x = 1, y = −1). This leaves (�,N ) = (Z, {0, 1}) as the simplest lattice
for which it is not known whether positive rates imply ergodicity, even for alphabets of size
two.

Ergodicity of PCAs is widely studied, with both general and case-specific results (see for
example [17–19]). The simplest case (�, N ) = (Z, {0, 1}) was studied by Toom et al. [14]
applying a variety of methods including Theorem 6.8 by Leontovitch and Vaserstein. To be
more precise, they considered the following class of PCAs:

• The lattice is (�,N ) = (Z, {0, 1}).
• The alphabet A = {0, 1}.
• The transition matrix P is homogeneous and has positive rates.
• The transition matrix is additive (only depends on the sum of states in the interaction

neighborhood), which in this case means

P (1 | 10) = P (1 | 01) .

(This is a different property than Griffeath’s “additive”.)

The sum of their methods proved uniform exponential covariance decay for roughly 90% of
the parameter space, but is missing parts of the low-noise regime. They still conjectured that
this class of PCA is ergodic. Instead of PCAs, we consider the same class of IPS in continuous
time. As a corollary of Theorem 6.9, we show below that the whole class is ergodic. It is not
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Fig. 12 Case1 :p1|11 = 0.
Region of the parameter space
where the inequality holds.
Parameters p1|10 and p1|01 vary
over X and Y axis respectively.
The value of p1|00 is set to 0.1

sufficient to use the less powerful assumption (5) instead of (4). Therefore the time-scaling
trick substantially increased the power of the original criterion of Leontovitch and Vaserstein
in the continuous time setting.

Corollary 7.1 An IPS with the properties above is uniformly exponentially ergodic.

Proof of Corollary 7.1 First, we give the parameters of an IPSmore convenient names, namely

p1|11 := P(1 | 11), p1|10 := P(1 | 10), p1|01 := P(1 | 01), p1|00 := P(1 | 00).
Second, one can reduce the parameter space from a four-dimensional hypercube to four
three-dimensional cubes by projecting each point (p1|11, p1|10, p1|01, p1|00) along the line
joining it with (1, 1, 0, 0) (the identity) onto one of the four faces opposite to (1, 1, 0, 0).
By the Time-Scaling Lemma uniform, exponential ergodicity is preserved along those lines,
with only the rate of decay changing. Thus we may without loss of generality assume that
p1|11 = 0 or p1|10 = 0 or p1|01 = 1 or p1|00 = 1. Further, the cases p1|11 = 0, p1|00 = 1
and p1|10 = 0, p1|01 = 1 are equivalent by renaming the state 0 to 1 and vice versa. In
total, we may assume that p1|11 = 0 or p1|10 = 0. The assumption of positive rates remains
unaffected i.e.

p1|11 < 1, p1|10 < 1, p1|01 > 0, p1|00 > 0.

The additive parameters
{
p1|10 = p1|01

}
map onto the set

{
p1|10 ≤ p1|01

}
.

Case 1: p1|11 = 0.
We verify by direct calculation that for the choice of basis with values x = 1, y = −1 the

update coefficients are

C∅ = p1|10 + p1|01 + p1|00
2

− 1, C{0} = p1|10 − p1|01 − p1|00
2

, and

C{1} = −p1|10 + p1|01 − p1|00
2

, C{0,1} = −p1|10 − p1|01 + p1|00
2

.

The condition ∣∣C∅

∣∣ + C{0} + ∣∣C{1}
∣∣ + ∣∣C{0,1}

∣∣ < 1

is in this case equivalent to the assumption of positive rates and p1|10 < p1|01 + p1|00. This
last requirement is met when p1|10 ≤ p1|01 and p1|00 > 0.

Case 2: p1|10 = 0.
To tackle this case wewill use two different (albeit similar) bases. These are the bases with

values x = 1, y = −p1|00 and x = −p1|00, y = 1. Together their respective regions cover
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Fig. 13 Case1 :p1|11 = 0.
Regions of the parameter space
where the criteria for these bases
hold (black for the former, red for
the latter). Parameters p1|11 and
p1|01 vary over X and Y axis
respectively. The value of p1|00 is
set to 0.01. For p1|00 > 0.25, the
first base criterion fills the entire
square (Color figure online)

Fig. 14 Using Theorem 6.9 with
x = 1 and y ∈ [−1, 0] one can
additionally prove ergodicity for
the cases{
p1|11 = 0, p1|10 < 1

2 , p1|01 > 0, p1|00 > 0
}
,

but our theorem is powerless in
the neighborhood of
IPS(0, 1, 0, 0). Parameters p1|10
and p1|01 vary over X and Y axis
respectively. The value of p1|00
is set to 0.1

the entire
{
p1|10 = 0

}
cube, except for some points on the border

{
p1|11 = 1

}∪ {
p1|00 = 0

}
where the positive rates assumption fails. 
�

One might be curious if the results now known are sufficient to prove that positive rates
imply ergodicity in the case A = {0, 1}, N = {0, 1}, with no further restrictions. In the
example above the problem was reduced by a dimension and solved in all cases except when
p1|11 = 0 and p1|10 ≥ p1|01+ p1|00. Unfortunately, our efforts fall short. Trying out different
bases in Theorem 6.9 extends the covered region of parameters slightly, but there are points
for which no product base will work. For example for p1|11 = 0, p1|10 = 0.99, p1|01 = 0.05,
p1|00 = 0.01 there are no solutions in x ∈ R \ {0}, y ∈ R to the inequality

∣∣C∅

∣∣ + C{0} + ∣∣C{1}
∣∣ + ∣∣C{0,1}

∣∣ < 1.

We have also experimented with making the product basis periodic, as in choosing different
values for χ j depending on the parity of j ∈ Z, but that proved fruitless.

It is not entirely surprising that this method fails to deduce ergodicity on the entire param-
eter space. Theorem 6.9 is blind to the structure of � and in particular does not take into
account its dimension. There are no known counterexamples of “positive rates imply ergodic-
ity” among nearest-neighbor IPS on Z, but there are simple ones on Z

2. A classic example is
the Stochastic Ising Model—see Chap. IV of Liggett’s textbook on IPS [3]. Since dimension
seems to be criticalwe should expect that one needs to strongly exploit the one-dimensionality
ofZ to cover the entire parameter space. Gray’s theorem aboutmonotone IPS i.e. Theorem5.8
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allows to deduce ergodicity for parts of the remaining region
{
p1|11 = 0, p1|10 ≈ 1, p1|01 ≈ 0, p1|00 ≈ 0

}
.

Not surprisingly, the proof of Theorem 5.8 strongly uses the dimension of Z, namely path
crossing properties of a two-dimensional spacetime. As a corollary we deduce the following
statement.

Corollary 7.2 A homogeneous IPS(P) on lattice (Z, {0, 1}) with alphabet {0, 1} and param-
eters that satisfy p1|11 ≤ p1|10 < 1 and 0 < p1|01 ≤ p1|00 is exponentially ergodic.

Proof of Corollary 7.2 The strategy of the proof follows the idea of Gray found in Sect. 3 of
[7]. The IPS(P) is not itself weakly monotone. However, if we flip 0s and 1s at every other
site the resulting IPS(Q) will have a periodic transition matrix with the same parameters as
P , just in a different order. While it may not be monotone (and in the case a = 0 it cannot)
the inequalities we imposed guarantee that it will be weakly monotone and have positive
rates. Then by Theorem 5.8 this new IPS(Q) will be exponentially ergodic. But of course,
renaming states doesn’t change the underlying dynamics, so the original IPS(P) must also
be exponentially ergodic.

Let us turn to the formal proof: let ζ ∈ IPS(P) be a trajectory constructed as in Defini-
tion 2.5. We will define a modification of this trajectory

ξt ( j) =
{

ζt ( j), j = 0 (mod 2) ,

1 − ζt ( j), j = 1 (mod 2) ,
for all j ∈ Z and t ≥ 0.

Clearly if t ∈
[
τ
j
n , τ

j
n+1

)
then ξt ( j) = ξ

τ
j
n
( j) because ζ satisfies this condition and ξt

depends only on ζt . Additionally ξ evolves according to a transition matrix Q given by

Q j (z | x, y) := P

(
ξ
τ
j
n

= z | ξ
τ
j−
n

( j, j + 1) = (x, y)
)

=
⎧⎨
⎩

P

(
ζ
τ
j
n

= z | ζ
τ
j−
n

( j, j + 1) = (x, 1 − y)
)

, j = 0 (mod 2) ,

P

(
ζ
τ
j
n

= 1 − z | ζ
τ
j−
n

( j, j + 1) = (1 − x, y)
)

, j = 1 (mod 2) ,

=
{
Pj (z | x, 1 − y) , j = 0 (mod 2) ,

Pj (1 − z | 1 − x, y) , j = 1 (mod 2) .

Thus ξ is by Definition 2.5 a trajectory of IPS(Q). The matrices Q j have parameters
(p1|10, p1|11, p1|00, p1|01) when j is even and (1 − p1|01, 1 − p1|00, 1 − p1|11, 1 − p1|10)
when j is odd. Their weak monotonicity and positive rates are equivalent to the conditions
we set. By Theorem 5.8 the IPS(Q) is exponentially ergodic. Equivalently it has exponential
covariance decay. But clearly, if covariances decay for trajectory ξ then they decay at the
same rate for trajectory ζ , because for any f ∈ F the function

σ �→ f

({
σ( j), j = 0 (mod 2)

1 − σ( j), j = 1 (mod 2)

)

is also a member of F [this transformation does not change Dom( f )]. Thus IPS(P) has
exponential covariance decay. Equivalently it is exponentially ergodic. 
�
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Fig. 15 Union of regions in case{
p1|11 = 0

}
for which we have a

proof of ergodicity. The lower
red bar is the region covered in
Example 7.2. Parameters p1|10
and p1|01 vary over X and Y axis
respectively. The value of p1|00
is set to 0.1 (Color figure online)

We have been unable to prove ergodicity in the remaining region. The troublemaker IPS
seem to be the “Walls IPS” that we described in Sect. 3.5.What these IPS do is try to preserve
homogeneous blocks of one state while the other is preserved only in the presence of the first.
As such these IPS are not monotone, additive or cancellative so ergodicity criteria developed
for these types of IPS cannot be applied. Theorem 6.9 also fails here. We believe the reason
is that the method only accounts for the behavior of IPS after one update. Meanwhile, the
Walls IPS produce trajectories that seem elongated in the time direction (see Fig. 11 in Sect.
3.5), implying that information from just one time-step doesn’t capture much of its long-term
behavior.

However, simulations and heuristics suggest that these Walls IPS should also be ergodic.
If an IPS was not ergodic one would expect that by decreasing noise in its rule one would get
another non-ergodic IPS. Thus if there was a non-ergodic IPS anywhere in the interior of the
parameter space then there should exist a path joining that point with the boundary, along
which all IPS are non-ergodic. Meanwhile, the least noisy, semi-deterministic IPS, located
in the vertices of the parameter space, seem to be cut off from the remaining region (see
Fig. 15). The simplest case of the Positive Rates Conjecture, now reduced to the problem of
proving the ergodicity of Walls IPS requires further analysis, but we believe it to be quite
approachable.

Appendix

This “Appendix” is not necessary to understand the overall picture of the article. We add
it to provide clarity of claimed and cited results in Sect. 5. The complication comes from
the use of different settings and notation, which would have obstructed the understanding of
the main ideas. We propose that before reading the subsequent sections readers familiarize
themselves with the notation of the work referenced.

Addendum to Theorem 5.12: Characterization of Additive IPS

The notation of Griffeath’s construction can be found in the “percolation substructures” and
“general construction” sections of [6]. This construction permits IPS which updates many
sites at once. The first thing we need to do then is to identify the choices of Vi,x andWi,x for
which only one site can updated at a time. It is easy to see that the possible choices for Vi,x
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are
Vi,x = ∅ or Vi,x = {x} ,

and the possible choices of Wi,x are

Wi,x (y) =
{ {y} y /∈ Sx ,

{x, y} y ∈ Sx ,
for any choice of Sx ⊆ Nx .

We will find it convenient to set the index family Ix = {0, 1} × 2Nx and set

V0,S,x = ∅, V1,S,x = {x} ,

and Wi,S,x as above with Sx = S. Each pair
(
Vi,S,x ,Wi,S,x

)
represents an update by a

transition matrix Pi,S,x with

P1,S,x (1 | σ) = 1,

P0,S,x (1 | σ) =
{
1 S ∩ σ−1 (1) �= ∅,

0 S ∩ σ−1 (1) = ∅.

For a given choice of λi,S,x the transition matrix of IPS thus constructed is

Px = 1

λ

⎡
⎢⎢⎢⎢⎢⎣

(λ − λx ) I +
∑

i ∈ {0, 1}
S ⊆ Nx

λi,S,x Pi,S,x

⎤
⎥⎥⎥⎥⎥⎦

,

where

λx =
∑

i ∈ {0, 1}
S ⊆ Nx

λi,S,x ,

λ = sup
x∈Zd

λx .

The clock is Exp (λ), but that can be normalized by scaling all λi,S,x by 1
λ
.

Addendum to Theorem 5.14: Characterization of Cancellative IPS

Again the same pairs
(
Vi,S,x ,Wi,S,x

)
are available for the construction. However, the transi-

tion matrices Pi,S,x corresponding to them are different:

P0,S,x (1 | σ) = ∣∣S ∩ σ−1 (1)
∣∣ (mod 2) ,

P1,S,x (1 | σ) = 1 − ∣∣S ∩ σ−1 (1)
∣∣ (mod 2) .

Acknowledgements We thank JacekMiekisz,Marek Biskup, JacobManaker, Roberto Schonmann, JanWehr,
Tom Kennedy, Sunder Sethuraman, and Pablo Ferrari for their discussions and advice. Originated during a
research visit at UCLA supported financially by Initiative IV.2.3. by IDUB: University of Warsaw.

Data Availability We present no data, as our work is purely mathematical.

Declarations

Conflict of interest The authors have no relevant financial or non-financial interests to disclose.

123



Time-Scaling, Ergodicity, and Covariance Decay... Page 41 of 41 6

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Durrett, R.: An introduction to infinite particle systems. Stoch. Process. Appl. 11(2), 109–150 (1981)
2. Durrett, R.: Ten lectures on particle systems. In: Lectures on Probability Theory: Ecole d’Eté de Proba-

bilités de Saint-Flour XXIII-1993, pp. 97–201. Springer, Berlin (2006)
3. Liggett, T.: Interacting Particle Systems. Springer, Berlin (2005)
4. Mairesse, J., Marcovici, I.: Around PCA. Theor. Comput. Sci. 559, 42–72 (2014)
5. Louis, P.-Y., Nardi, F.R.: Probabilistic Cellular Automata: Emergence, Complexity, Computation, vol.

27. Springer, Berlin (2018)
6. Griffeath, D.: Additive and Cancellative Interacting Particle Systems: Lecture Notes in Mathematics, vol.

724. Springer, Berlin (1978)
7. Gray, L.: The positive rates problem for attractive nearest neighbor spin systems on Z. Z. Wahrschein-

lichkeitstheorie verw. Geb. 61, 389–404 (1982)
8. Vaserstein, N.L., Leontovich, M.A.: Invariant measures of certain Markov operators describing a homo-

geneous random medium. Probl. Peredachi Inform. 6, 71–80 (1970)
9. Krone, S.M.: The two-stage contact process. Ann. Appl. Probab. 9(2), 331–351 (1999)

10. Durrett, R.: Infinite particle systems. Adv. Appl. Probab. 12(2), 268–268 (1980). https://doi.org/10.2307/
1426534

11. Gács, P.: Reliable computation with cellular automata. J. Comput. Syst. Sci. 32(1), 15–78 (1986)
12. Gray, L.: A reader’s guide to Gacs’s “positive rates” paper. J. Stat. Phys. 103, 1–44 (2001)
13. Gács, P.: Probabilistic cellular automata with Andrei Toom. Braz. J. Probab. Stat. 38(2), 285–301 (2024)
14. Toom, A., Vasilyev, N., Stavskaya, O., Mityushin, L., Kurdyumov, G., Pirogov, S.: Discrete LocalMarkov

Systems. Manchester University Press, Manchester (1990)
15. Harris, T.E.: Additive set-valued Markov processes and graphical methods. Ann. Probab. 6(3), 355–378

(1978)
16. Kingman, J.F.C.: Poisson Processes: Oxford Studies in Probability, vol. 3. Clarendon Press, Oxford (1993)
17. Ferrari, P.A.: Ergodicity for a class of probabilistic cellular automata. Rev.Mat. Apl. 12(2), 93–102 (1991)
18. Maes, C., Shlosman, S.B.: Ergodicity of probabilistic cellular automata: a constructive criterion. Commun.

Math. Phys. 135, 233–251 (1991)
19. Louis, P.-Y.: Ergodicity of PCA: equivalence between spatial and temporal mixing conditions. Electron.

Commun. Probab. 9, 119–131 (2004)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

123

http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.2307/1426534
https://doi.org/10.2307/1426534

	Time-Scaling, Ergodicity, and Covariance Decay of Interacting Particle Systems
	Abstract
	1 Introduction
	2 Notation and Basic Definitions
	2.1 Space–Time Structure
	2.2 Construction of an Interacting Particle System
	2.3 Ergodicity and Covariance Decay

	3 IPS on a One-Dimensional Lattice with One-Sided, Nearest-Neighbor Interaction
	3.1 Symmetric IPS
	3.2 IPS with Heavy Bias
	3.3 Coalescing and Annihilating Contact Process
	3.4 Noisy IPS
	3.5 Walls IPS

	4 Time Scaling
	5 Extensions of Previous Results via the Time-Scaling Lemma
	5.1 General Results About Monotone IPS and Gray's Theorem
	5.2 Ergodicity of Additive and Cancellative IPS

	6 A New Criterion for Decay of Covariances
	6.1 Auxiliary Definitions
	6.2 Decay of Correlations by Recursion
	6.3 Example: The Two-Stage Contact Process

	7 Positive Rates Conjecture for One-Sided Nearest-Neighbor Interactions
	Appendix
	Addendum to Theorem 5.12: Characterization of Additive IPS
	Addendum to Theorem 5.14: Characterization of Cancellative IPS

	Acknowledgements
	References




